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Abstract 

In this paper we consider Witten's bosonic open string field theory in the presence of 
a constant background of the second-rank antisymmetric tensor field Bij. We extend the 
operator formulation of Gross and Jevicki in this situation and construct the overlap vertices 
explicitly As a result we find a noncommutative structure of the Moyal type only in the 
zero-mode sector, which is consistent with the result of the correlation functions among 
vertex operators in the world sheet formulation. Furthermore we find out a certain unitary 
transformation of the string field which absorbs the Moyal type noncommutative structure. 
It can be regarded as a microscopic origin of the transformation between the gauge fields in 
commutative and noncommutative gauge theories discussed by Seiberg and Witten. 
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1 Introduction 



Noncommutative nature of space-time has often appeared in nonperturbative aspects of 
string theory. It has been used in a formulation of interacting open string field theory 
by Witten [[3], 0. He has written a classical action of open string field theory in terms 
of noncommutative geometry, where the noncommutativity appears in a product of string 
fields. Later, four years ago, the Dirichlet branes (D-branes) have been recognized as solitonic 
objects in superstring theory ||. Further it has been found that the low energy behavior 
of the D-branes are well described by supersymmetric Yang-Mills theory (SYM) 0. In the 
situation of some D-branes coinciding, the space-time coordinates are promoted to matrices 
which appear as the fields in SYM. Then the size of the matrices corresponds to the number of 
the D-branes, so noncommutativity of the matrices is related to the noncommutative nature 
of space-time. On the other hand, it is known that when considering open strings in the 
presence of a constant background of the second-rank antisymmetric tensor field Bij, the end 
points of the open strings become noncommutative It means a noncommutativity 

of the world volume coordinates of the D-branes, which occurs even for a single D-brane 
differently from the situation mentioned above. Although these two types of noncommutative 
natures have distinct origins, as was explicitly pointed out in refs. || |9| , they are related to 
each other in the interesting way: "Infinitely many coincident Dp-branes can be described 
by a single D(p + 2)-brane under a constant .B-field background." 

Recently, Seiberg and Witten [TO] discussed that the low energy behavior of the D-branes 
in the constant -B-field background can be described either by commutative or noncommuta- 
tive Yang-Mills theories^, which corresponds to the difference of the regularization scheme - 
the Pauli-Villars regularization or the point-splitting regularization — adopted in the world 
sheet approach to open string theory. Also they argued the relation between the gauge field 
in the commutative theory and that in the noncommutative theory, and obtained its explicit 
form in some simple casesQ. 

In this paper we consider Witten's open string field theory in a constant background 
of the .B-field. Then we should have a new noncommutativity originating form the -B-field 
background in addition to the noncommutativity which already has appeared in the product 
of the string fields. We consider the open bosonic string field theory instead of supersym- 
metric one. Because the noncommutative structure mentioned above appears independently 
of supersymmetry, we do not consider the fermions for the sake of simplicity. We explicitly 
construct this open string theory by extending the operator formulation, which has been 
given by Gross and Jevicki |14], [15], [16J] in the background of the flat space-time, to the case 
of the presence of the constant -B-field background. As a result we obtain a product between 
the string fields added to the ordinary product by the Moyal product acting only on the zero- 
modes of the open strings, which reproduces the result of the correlation functions among 

2 The terminology "commutative Yang-Mills theory" or "noncommutative Yang-Mills theory" means that 
the geometry of the space-time where the Yang-Mills theory is defined on is commutative or noncommutative 
respectively. 

3 For related works, see refs. 0,0. 
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vertex operators in the world sheet formulation It is noted that the part of the product 
concerning the nonzero-modes is not affected by the presence of the 5-field background. 
The string field theory with the modified product gives noncommutative Yang-Mills theory 
in the low energy limit. In the string field theory perspective, there should exist a certain 
(hopefully simpler than the Yang-Mills case) transformation connecting the string field in 
the string field theory we have constructed and that in a string field theory leading to com- 
mutative Yang-Mills theory. Here we find that the Moyal type noncommutative structure 
can be absorbed by a unitary rotation of the string field. As a result of the rotation, the 
string field theory is transformed to a string field theory with the ordinary noncommutative 
product where the BRST charge in the kinetic term is unaffected. This fact suggests that 
the universality of the interaction vertices in various string field theories, which has been 
discussed in refs. [1171 ITS, [HI, holds also between open string field theories with different 



boundary conditions caused by turning on the 5-field. The string field theory obtained 
by the transformation can be considered to give a microscopic origin of the commutative 
Yang-Mills theory. 

This paper is organized as follows. In section 2, we briefly review Witten's bosonic open 
string field theory and its explicit construction based on the operator formulation elaborated 
by Gross and Jevicki in the case of the Neumann boundary condition. We explain open 
strings in the presence of a constant I?-field background and obtain the mode-expanded form 
of the open string in section 3. As a result, we see that in this situation the end points of the 
open string become noncommutative. It has already been discussed by many authors |5|, |[ [7J, 



T0|1 . But in order to make this paper more self-contained and to prepare for construction of 
Witten's string field theory in the constant i?-field background, we give a somewhat detailed 
argument. In section 4, based on the results in the previous sections, Witten's open string 
field theory under the constant 5-field background is constructed explicitly by making use 
of the operator formulation. Here we obtain the structure of the Moyal product in addition 
to the ordinary noncommutativity which has already existed in the background of no B- 
field. In section 5, we find a certain unitary transformation of the string field which removes 
the Moyal type noncommutativity from the string field theory constructed in the previous 
section. This transformation can be essentially regarded as a microscopic analog of the map 
between the gauge fields in commutative and noncommutative Yang-Mills theories discussed 
in ref. JTU]. In section 6, we also discuss about the background independence between open 
string field theories with different boundary conditions caused by the presence of the constant 
S-field. Until now we have not put the Chan-Paton factors to the end points of open strings, 
which corresponds to the case of the U(l) gauge group in the Yang-Mills theories. However, 
in string field theory, it is quite a straightforward generalization to introduce the Chan-Paton 



factors as is pointed out in refs. [^Cj, 51], so we can immediately have the results also in 
the case corresponding to the nonabelian gauge group. It forms a contrast to the situation 
in Yang-Mills theory, where in general it is difficult to obtain the concrete form of the map 
connecting the gauge fields of the commutative and noncommutative Yang-Mills theories 
except some simple casesQ. Finally, section 7 is devoted to summary and discussion. In 

4 For example, the case of the U(l) gauge fields giving constant field strengths. 
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appendix A we present the result of the explicit forms of the overlap vertices discussed in 
section 2. 



2 Brief Review of Witten's Open String Field Theory 

In this section, we review some basic properties of Witten's bosonic open string field theory 
PI and its explicit construction based on a Fock space representation of string field functional 



and ^-function overlap vertices [14, 15, 22 . 



2.1 Witten's Open String Field Theory 

Witten introduced a beautiful formulation of open string field theory in terms of a noncom- 
mutative extension of differential geometry, where string fields, the BRST operator Q and 
the integration over the string configurations / in string field theory are analogs of differetial 
forms, the exterior derivative d and the integration over the manifold f M in the differential 
geometry, respectively. The ghost number assigned to the string field corresponds to the 
degree of the differential form. Also the (noncommutative) product between the string fields 
* is interpreted as an analog of the wedge product A between the differential forms. 
The axioms obeyed by the system of /, * and Q are 

Jqa = o, 

Q(A * B) = (QA) * B + (-1)"M * (QB), 
(A* B)*C = A* (B *C), 

J A*B = (-1)™^ Jb*A, (2.1) 

where A, B and C are arbitrary string fields, whose ghost number is half-integer valued: 
The ghost number of A is defined by the integer as + |. 
Then Witten discussed the following string field theory action 

S = ^jfy*Q1> + ll>*1>*iJ>), (2-2) 

where G s is the open string coupling constant and if) is the string field with the ghost number 
— 2- The action is invariant under the gauge transformation 

8if) = QA + if)*A- A* if), (2.3) 

with the gauge parameter A of the ghost number — |. 



2.2 Operator Formulation of String Field Theory 

The objects defined above can be explicitly constructed by using the operator formulation, 
where the string field is represented as a Fock space, and the integration / as an inner 
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product on the Fock space. It was considered by Gross and Jevicki |L4], [H| in the case of 
the Neumann boundary condition. We will heavily use the notation of the papers [14, [15|1 . 
In the operator formulation, the action ( |2.2j ) is described as 



s = 7T G ^W) 1 *) 2 + 1 123(^11^)1^)2^)3) , (2.4) 

where the structure of the product * in the kinetic and potential terms is encoded to that 
of the overlap vertices (14 1 and (14 1 respectively^. 

As a preparation for giving the explicit form of the overlaps, let us consider open strings in 
26-dimensional space-time with the constant metric Gij in the Neumann boundary condition. 
The world sheet action is given by 

Sws = -r^ [ dr f daG^X'd^ - d^X'd^X 1 ) + S gh , (2.5) 

47TO! J JO 

where S g h is the action of the fee-ghosts: 

S 9 h = ^J dr£da[c + (d T - d a )b+ + c4d T + d )b.). (2.6) 

Under the Neumann boundary condition, the string coordinates have the standard mode 
expansions: 

XHt, a) = x 3 + 2a rp> + V -aie~ inT cos(n<r), (2.7) 

also the mode expansions of the ghosts are given by 

c±(r,a) = ^2c n e- in ^ = c{r,a)±i7r b (r,a), 

ngZ 

b ± {r,a) = Y, h n^ in{T±a) =7T c {T,a)Tib{r,a). (2.8) 

n6Z 

As a result of the quantization, the modes obey the commutation relatons: 

[x\p>] = [<, <] = nG i3 5 n+mfi , (2.9) 

{b n , C m } = $n+m,0, ( 2 -10) 

the otherwises vanish. 
The overlap 

\v N ) = \v N ) x \v N y h (iv = i,2,---) 

is the state satisfying the continuity conditions for the string coordinates and the ghosts 
at the iV-string vertex of the string field theory. The superscripts X and gh show the 



'Subscripts put to vectors in the Fock space label the strings concerning the vertices. 
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contribution of the sectors of the coordinates and the ghosts respectively. The continuity 
conditions for the coordinates are 

{XW{a) - Xtr-Wfr - a))\V N ) x = 0, 

(ifV) + Pt% - °Wn) X = 0, (2.11) 

for < o < | and r = 1, ■ ■ ■ , N. Here Pi(cr) is the momentum conjugate to the coordinate 
Xi(a) at r = 0, and the superscript (r) labels the string (r) meeting at the vertexF]. In the 
above formulas, we regard r = as r = N because of the cyclic property of the vertex. For 
the ghost sector, we impose the following conditions on the variables c(a), b(a) and their 
conjugate momenta vr c (cr), 7Tb(a): 

( 7 rW(a)- 7 rr i )( 7 r- ( T))|V i v)^ = 0, 
(bW(a)-b<r- 1 \ir-a))\V N )' h = O i 
(c {r \a) + c^in - a))\V N ) 9h = 0, 

{4\o) + 'n { r l \'K-°))\VNY h = U ) (2.12) 

for < a < | and r = 1, • • • , JV. 

We present the explicit form of \Vn) for N = 1, 2, 3, 4 in appendix A. 



3 Open Strings in Constant B-Field Background 

We consider a constant background of the second-rank antisymmetric tensor field Bij in ad- 
dition to the constant metric gij where open strings propagate. Then the boundary conditon 
at the end points of the open strings changes from the Neumann type, and thus the open 
string has a different mode expansion from the Neumann case (|2.7| ). As a result, the end 
point is to be noncommutative, in the picture of the D-branes which implies noncommuta- 
tivity of the world volume coordinates on the D-branes. Here we derive the mode-expanded 
form of the open string coordinates as a preparation for a calculation of the overlap vertices 
in the next section. 

We start with the world sheet action 

S^ s = / dr I" dalgiJdrX'drX* - d a X%X j ) - 2na'B ij {d T X% X j - d a X l d T X j )] 

Area' J Jo 

+S gh . (3.1) 

Because the term proportional to Bij can be written as a total derivative term, it does not 
affect the equation of motion but does the boundary condition, which requires 

gijd^ - 2-naBijd^ = (3.2) 

6 We often use the expression |Vjv)i2...jv f° r the overlap when specifying the strings concerning the vertex. 



5 



on a = 0, 7r. This can be rewritten to the convenient form 

Eyd-Xt = (E T )ijd + X j , 



(3.3) 



where = + 27ra'Bij, and d± are derivatives with respect to the light cone variables 
a ± = r ±<7. We can easily see that X 3 (t, <j) satisfying the boundary condition (|3.3|) has the 
following mode expansion: 



X 3 (r,a) = 5? + a'[(E- 1 y k g kl p l a- + (E~ 1T ) 3k g kl p l a 

lot >— ^ 1 \(Tri—l\jk„ A —ino~ i /rri-lT\jk„ I -ina^ 

+l \hr <L ~ [y h ) 9kia n e + [E y g H a n e 



(3.4) 



We will obtain the commutators between the modes from the propagator of the open strings, 
which gives another derivation different from the method by Chu and Ho based on the 
quantization via the Dirac bracket. When performing the Wick rotation r —>■ —ir and 
mapping the world sheet to the upper half plane z = e T+ta , z = e r ~ l(T (0 < a < ir), the 
boundary condition ( p.3|) becomes 



EydsX 3 = (E )ijd z X J 



(3.5) 



which is imposed on the real axis z = z. The propagator (X l (z, z)X 3 (z', z')) satisfying the 
boundary condition (p.5|)is determined as 



(X(z,z)X 3 (z',z')) 



—a' g %3 In | z — z \ — g 13 In \z — z' 
+G iJ ln|z-?| 2 + 



1 (>>-> 1„ 



2-rca' 



z — z 



D 13 



(3.6) 



where G %3 and Q %3 are given by 



G 13 = ^{E T - 1 + E~ l ) i3 = (E^gE- 1 )' 3 = {E~ l gE 

= (2Tra') 2 (E T - 1 BE- l Y 3 = -{2Txa') 2 (E- l BE T - l ) i3 . 



(3.7) 



(3i 



Also the constant D %3 remains unknown from the boundary condition alone. However it is 



an irrelevant parameter, so we can fix an appropriate value. The mode-expanded form (|3.4| ) 
is mapped to 



X 3 (z,z) 



x 3 -ia'[(E- 1 y k p k \nz + {E~ 1T ) jk p k In 



^Mj2-[(E- 1 y k a n , k z- n + (E- 
V 2 n L 



lT y k a n , kZ - n 



(3.9) 
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Note that the indices of p l and a l n were lowered by the metric not Gy. Recall the definition 
of the propagator 



(X\z, z)X 3 (z', ?)) = R{X\z, z)X j (z', z')) - N(X\z, z)X j (z', z')), 



(3.10) 



where R and N stand for the radial ordering and the normal ordering respectively. We take 
a prescription for the normal ordering which pushes Pi to the right and Xj to the left with 
respect to the zero-modes Pi and Xj. It corresponds to considering the vacuum satisfying 



Pi |0) = a nJ |0) = (n>0), 







(n < 0), 



(3.11) 



which is the standard prescription for calculating the propagator of the massless scalar field 
in two-dimensional conformal field theory from the operator formalism. Making use of eqs. 
fl3.10| ), ( |3.11| ) and techniques of the contour integration, it is easy to obtain the commutators 



7l5. 



n+mfi(-*ij , 



[x; Pj \ 



(3.12) 



where the first equation holds for all integers with a ,i = y2o!pi- The constant D 13 is written 
as a'D l i = — (0|x l :F |0), which corresponds to define the normal ordering with respect to x*'s 
as 



: x l x 3 := xV + a'D 13 . 



Let us fix D 13 as a'D 13 = — which is the convention taken in the paper ||10|| . Then the 
coordinates x 1 become noncommutative: 



\x\x 3 } 



16 



>j 



but the center of mass coordinates x % = x % + \Q t3 Pj can be seen to commute each other. 

Now we have the mode-expanded form of the string coordinates and the commutation 
relations between the modes, which are 



X j (r,a) 



x j + Id G jk r + 



1 



1 



6 jk (a 



2na' 



7i 

2 



Pk 



n 



G jk cos(na) - i 



2na' 



-9 jk sm(na) 



n5, 



G, 



[x', Pj \ 



iS}, 



(3.13) 
(3.14) 



with all the other commutators vanishing. 
Also, due to the formula 



oo 2 

— sin(n(cr + a')) 



n=l 



71 



n — a — a 




(ct + (7 ' ^0,2tt) 
(a + cr 1 = 0,2n), 



(3.15) 



we can see by a direct calculation that the end points of the string become noncommutative 

0) 



[X\T,a),X 3 (T,a')} 




[a = a 
(a = a' = 7i) 
(otherwises). 



(3.16) 
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On the other hand, it is noted that the conjugate momenta have the mode expansion identical 
with that in the Neumann case: 



Pi{r,a) = -^- 1 (g ij d T -27ra'B ij d CT )X j (r,a) 

= -p^^—Y^e-'^co^na^. (3.17) 
7T nV2a' n ^ 



At the end of this section, we remark that the relations (|3.7| ) and Q3.8|) are in the same 
form as a T-duality transformation, although the correspondence is a formal sense, because 
we are not considering any compactification of space-time. The generalized T-duality trans- 
formation, namely 0(D, /^-transformation, is defined by 

E' = (aE + b)(cE + d)- 1 (3.18) 

with a, b, c and d being D x D real matrices. (D is the dimension of space-time.) The 
matrix 

is 0(D,D) matrix, which satisfies 

h T Jh = J (3.20) 

where 

The relations ( |3.7| ) and ( |3.8| ) correspond to the case of the inversion a = d = 0, b = c = Id. 



4 Construction of Overlap Vertices 



Here we construct Witten's open string theory in the constant -B-field background by ob- 
taining the explicit formulas of the overlap vertices. As is understood from the fact that the 
action of the ghosts (|2.6|) contains no background fields, the ghost sector is not affected by 
turning on the B- field background. Thus we may consider the coordinate sector only. First, 
let us see the mode-expanded forms of the coordinates and the momenta at r = 



XHa) 



Pi(<r) 



G 3k y k + -<P k (a - l)p k 

71 I 

00 r . 1 1 

+2 Vo 7 V G ]k cos(na)x n , k + - — -6 jk sin(ncx) -p n , A 

^ L 27TQ/ n 

1 1 00 

-Pi H 1=, z2 cos(na)p n} i, 

7i nVa' n=1 



(4.1) 
(4.2) 
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where x 3 = G jk yk, the coordinates and the momenta for the oscillator modes are 




The nonvanishing commutators are given by 

[x n ,k,Pm,i] = iG k iS n ,m, lVk,Pi] = iGki- (4.4) 

We should note that the metric appearing in eqs. ( |4.4| ) is Gij, instead of g^. So it can be 
seen that if we employ the variables with the lowered space-time indices yk, Pk, %n,k and p n ,k, 
the metric used in the expression of the overlaps is G 13 not g lJ . 

The continuity condition (|2.11|) is universal for any background, and the mode expansion 
of the momenta Pj(<r)'s is of the same form as in the Neumann case, thus the continuity 
conditions for the momenta in terms of the modes are identical with those in the Neumann 
case. Also, since p n /s mutually commute, it is natural to find a solution of the continuity 
condition, assuming the following form for the overlap vertices: 

Vn)1. n , (4.5) 

where \Vn)i...n an d \Vn)i...n are the overlaps in the background corresponding to the world 
sheet actions (|3.1|) and (|2.5|) respectively, the explicit form of the latter is given in appendix A. 
Clearly the expression ( |4.5| ) satisfies the continuity conditions for the modes of the momenta, 
and the coefficients Z^s are determined so that the continuity conditions for the coordinates 
are satisfied. 



\VnK 



x 



■N 



exp 



4ira 



,0V 



N 

E 

r,s=l 



4.1 \I) X EE \V X ) X 

For the N = \ case, we consider the identity overlap | I) x = |Vi) x . The continuity conditions 
for the momenta require that 

2 2 

Pi(cr) + Pj(7r - a) = -pi H y=: cos(na)p nt i (4.6) 

7T 7rV«' n=2,4,6,- 

should vanish for < a < |, namely, 

Pi = 0, Pn ,i = (n = 2,4,6,- ■■), (4.7) 

which is satisfied by the overlap in the Neumann case \I). In addition, the conditions for 
the coordinates are that 

X'{a)-X 3 {-K-a) = -6i\a-^) Pk 

71 Z 



9 



n=l,3,5,--- 



cos(na)x njfc 



71=2,4,6,' 



- — -9 3k sin(na)-p nk 
Ana' n 



(4i 



should vanish for < a < f . The first and third lines in the r. h. s. can be put to zero 



by using eq. (4/?). So what we have to consider is the remaining condition x n ^ = for 



n = 1, 3, 5, • ■ ■, which however is nothing but the continuity condition for the coordinates in 



the Neumann case. It can be understood from the point that the second line in eq. (|4.8| ) 
does not depend on Q % K Thus it turns out that the continuity conditions in the case of the 
5-field turned on are satisfied by the identity overlap made in the Neumann case (|A.1|) . The 
solution is 

1 oo 
Z n=0 



\i) x = \i) 



X 



exp 



|0>, 



(4.9) 



where also the zero modes yi and are written by using the creation and annihilation 
operators Oq { and a % as 



2a'(ao, t 



Pi 



'2a 



= (a ,i + a 0i ) 



(4.10) 



4.2 |T> 2 )f 2 

For the N = 2 case, we are to do the same argument as in the N = 1 case. The continuity 
conditions mean that 



PP(a) + PPU-a) 



7r — a) 



(2), 



1 



= EcosM(^j + (-l)>S),(4.11) 



7TV«' „=1 



-{Pi ] + P 
71 



n=l 



71 T 

G^cos(na)(x« -(-irxg) 
2ixa n 



(4.12) 



should be zero for < o < n. It turns out again that the conditions for the modes are 
identical with those in the Neumann case: 



(2) 



(!) , 
Pi + P. 



(1) (2) 

Vi -VI 



0. 

o. 



T (l) 



(-i)>S = o, 

(-ir*i 2 l = o, 



(4.13) 
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for n > 1. Thus we have the solution 7 

\V 2 )u = \V 2 )i 2 = exp 



n=0 



10} 



12- 



(4.14) 



4.3 |y 4 )f 234 

We find a solution of the continuity conditions ( 2.11| ) in the N = 4 case assuming the form 



^4)^34 = exp 



47ra 



6^ plil^nmP 



r,s=l 



|V4) 



1234- 



(4.15) 



When considering the continuity conditions, it is convenient to employ the ^-Fourier trans- 
formed variables: 

Q{(a) = l -[iX^{o) - XW(a) - iX^(a) + X^{a)} = Q\a), 

Qi(ci) = \[-X^{a) + X^(a) - X<M(<t) + X^(a)), 

Qi(a) = l[-iXM(a) - X^{a) + iX^{a) + = Q*(a), 

Q{(a) = \[X^ j {a) + X<M{a) + X® j {a) + X^{a)]. (4.16) 

For the momentum variables we also define the Z4-Fourier transformed variables P\ t i{a){= 
Pj(cr)), P 2> i(o"), P3 5 j(cr)(= Pj(cr)) and Pi^cr) by the same combinations of P^ r \a)''s as the 
above. These variables have the following mode expansions 

1 1 00 
p tA a ) = — /=-Pt,o,i H 7=7 J] cos(ncr)P tjnii , 

7TV 2a 7TV« n =l 

, 00 r 1 In 

+^5] ^ fc cos(na)g iiri , fc + — -^sin^-P.^ , (4.17) 
n=i L 27ra' n J 

where i = 1, 2, 3, 4. From now on, we frequently omit the subscript t for the t = 1 case, and 
at the same time we employ the expression with a bar instead of putting the subscript t for 
the t = 3 case. 

Using those variables, the continuity conditions are written as 

Qi(a) - Q{(n - a) = 0, P 4>i {a) + P^tt - a) = 0, 



7 For the N = 1 and 2 cases, it turns out that the phase factor in (4.5) becomes trivial, by using the 
cont inuity cond itions for the momenta and the antisymmetric property of 9 %3 . We can understand the results 
(4.9) and ( 4.14 ) also from this point. 
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Q J 2 (a) + Qi(n-a) = 0, 
Q j (cr)-iQi(n-a) = 0, 
Q j (a)+iQ j (ir-a) = 0, 



Pi(a)+iPi(n-a) = 0, 
P(a) - iPfr - a) = 



for < a < |. In terms of the modes, the conditions for the sectors of t 
identical with the Neumann case 



(1 - C)|Q 4 , fc )|V 4 ) x = (1 + C)\P,, k )\V,) x 
(I + C)\Q 2 , k )\V 4 ) x = (1 - C)\P 2 , k )\V 4 ) x 



o. 

0. 



(4.18) 
2 and 4 are 

(4.19) 



which can be seen from the point that the conditions ( [4.18 ) for the sectors of t = 2 and 4 
lead the same relations between the modes as those without the terms containing 9^ . Here 
we adopted the vector notation for the modes 
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t,kj 



Qt,0,k 
Qt,l,k 



\Pt 



t,k 



Pt,o,k 
Pt,l,k 



(4.20) 



and C is a matrix such that (C) nm = (— l) n 5 nm (n,m > 0). Thus there is needed no 
correction containing 9^ for the sectors of t = 2 and 4, so it is natural to assume the form 
of the phase factor in eq. Q4.15|) as 



W Y,(P { i ) \Z rs \$ ) ) = 9 i i{P i \Z\P j ) 



(4.21) 



r,s=l 



with Z being anti-hermitian. 

Next let us consider the conditions for the sectors of t = 1 and 3. We rewrite the mode 
expansions of Q^(u) and Q^(cr) as 



Q\a) = G^ k (V2^Qo,k + 2V^Y, cos ( na )Qn,k) 

71=1 

+P k f da'PM') + E -{-l) {n - l),2 Pn,k 

= 9 3k f 7 da'PiW+AQ^a), 

Jtt/2 

oo 

Qi(a) = G j \V2dQo,k + 2VdY,cos{na)Q n>k ) 
0->* da'Pi(a')+AQ j (a). 



(4.22) 



71=1 



da'P l (a') + ^ T = £ -{-l) {n ' 1)/2 Pn, 
"I* * Va> n= i, 3 ,5,.. n 



tt/2 



(4.23) 
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Using the conditions for Pi(a) and Pi(cr) in ( }4.18| ), we can reduce the conditions for Q J (a) 
and Q j (a) to those for AQ j (a) and AQ j (a): 



AQ j (a) 
AQ j (a) 



iAQi(n - a) 
-iAQ j (-K - a) 

-iAQi(*K - a) 
iAQ j (ir-cr) 



(0 < a < f ) 

(i<<T<7T), 

(0 < a < f ) 

(f < 0- < 7T). 



(4.24) 



These formulas are translated to the relations between the modes via the Fourier transfor- 
mation. The result is expressed in the vector notation as 



l-X)|Q J )|\/ 4 ) x = (l + X)|Q i )|V r 4) A =0 



x 



(4.25) 



where the matrix X is defined by eqs. (|A.16| ) and ( |A.17 ), also the vectors |Qj) and \Qi 
stand for 



\Qi) 



\Qi) 



Qo,i + 4^/Gjfc0 S^L X 0n P n j 
Ql,i 
Q2,i 



Qo,i + "i^GikOy J2™=o Xo n P n% 

Ql,i 

Q2A 



(4.26) 



(4.27) 



In eqs. Q4.25|) , passing the vectors through the phase factor of the | V4) and using the 
continuity conditions in the Neumann case 



(1 + X)\Pi)\V A ) x = (1 - X)\P^\V A ) X = 0, 
(1 - X)|Q,)|F 4 ) X = (1 + X)\Q t )\V 4 ) x = 0, 

we obtain the equations, which the coefficients Z nm 's should satisfy, 



,1 — X) m0 ^ (Zp n + i—X 0n )P n j + ^(1 — X) mn ^2 Znn'Prij 
n=0 ^ n=l n'=0 

00 00 00 

,1 + ^)m0 y^(-^0n — 2— Xo n )-P n ,j + + X) mn Znn' P-n' , j 

n=0 ^ n=l n'=0 



\v,) x 
\v,) x 



(4.28) 
(4.29) 



0, (4.30) 
(4.31) 



for m > 0. Now all our remaing task is to solve these equations. It is easy to see that a 
solution of them is given by 



. 7T 7T 

Z 00 = 



(m, n > 0, except the m = n = case), 



(4.32) 
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if we pay attention to eqs. Q4.28Q . Here f3 is an unknown real constant, which is not fixed 
by the continuity conditions alone. This ambiguity of the solution comes from the property 
of the matrix X: XC = —CX. However it will become clear that the term containing the 
constant (3 does not contribute to the vertex IV^)^. 



Therefore, we have the expression of the phase ( |4. 21 



9 ij (PAZ\P, 



n=0 



m,n=0 



(4.33) 

Then recalling the eqs. ( 4.28Q again, the last term in the r. h. s. can be discarded. Also we 
can rewrite the term containing f3 



4a 



- f p{Pi\c\Pi) = +^ l m\x T cx\p J ) 



(4.34) 



on | V4) ^ . When going to the second line, the properties of the matrix X ( A.18 ) were used. 
The above formula means that the term containing (3 can be set to zero on | V4) After all, 
the form of the 4-string vertex becomes 



^)f 2 34 = exp 



0'J 



I Vi) 1234- 



Note that the phase factor has the cyclic symmetric form 

_^L Pn .p n .- if^LuMjn + J 2 U 3) + J 3 ) J 4 ) 4 JV 1 ^ 

4 ' ~~ 8a P° A P°j Po.iPoj + Po.iPojj 

which is a property the vertices should have^. 



(4.35) 



(4.36) 



4-4 \V 3 )f 23 

We can obtain the 3-string overlap in the similar manner as in the 4-string case. First, we 
introduce the Z 3 -Fourier transformed variables 

Q{{a) = -L[eXW*{a) + eX™{a) + X^(a)} = Q>), 

Qi(a) = ^=[eX^(a) + eX^(a) + X^(a)} = 

Qi(a) = (4.37) 



3 Here the momentum is given by 
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where e = e* 2 ^ 3 , e = e ~ i2n / 3 . The momenta Pi,i(tr)(= Pi (a)), P 2 ,i(^)(= P(^)) and P 3 ,i(cr) 
are defined in the same way. The mode expansions take the same form as those in eqs. 
( f4.17| ). In these variables, the continuity conditions require 



QV) - eQ>(ir - a) = 0, P{a) + eP(vr - a) = 0, 
g^or) _ eQ\7r -a) = 0, P^a) + eP(vr - a) = 0, 
Qi(°) - Qi(* ~<r) = 0, PsA*) + p 3,(vr - a) = 



(4.38) 



for < a < |. The conditions imposed to the modes with respect to the t = 3 component 
are identical with those in the Neumann case 

(1 + C)|P 3ii )|y 3 ) X = (1 - C)\Q 3 ,)\V 3 ) X = 0. (4.39) 



Thus the t = 3 component does not couple with 9^ , so we can find the solution by determining 
the single anti-hermitian matrix Z in the phase factor whose form is assumed as 



z r,s=l 



^(PIZIP). 



(4.40) 



For the sectors of t = 1 and 2, the same argument goes on as in the 4-string case. Q^(cr) 
and J (cr) have the mode expansions same as in eqs. Q4.22|) and ( 4.23 ). The conditions we 
have to consider are 



AQ j (a) = 
AQ j (a) = 

which are rewritten as the relations between the modes 

(l-Y)\Q l )\V 3 ) x = (l-Y T )\Q l )\V 3 ) X 



eAQ^rr 




(0< 


a 


< 


7T 

2 


eAQi(ir 


-°) 


(f < 


a 


< 


71 






(0< 


a 


< 


n 
2 


eAQi (it 




(I < 


a 


< 


7i 



0. 



(4.4i; 



(4.42) 



The matrix Y is defined below eqs. ( |A.27|) . Recalling the conditions in the Neumann case 



(1+F)|P)|\/ 3 ) A = (l + Y 1 )\P t )\V 3 ) X =0, 
(1 - Y)\Q t )\V 3 ) X = (1 " ^ T )I^)I^3) X = 0, 

we end up with the following equations 

OO OO CO 

,1 ~~ Y) m0 (Z 0n + —X 0n )P n j + ^(1 — Y) mn ^2 Znn'Pn'j 
n=0 n=l n'=0 

.7T 



(4.43) 
(4.44) 



V 3 ) x = 0, (4.45) 



,1 _ Y T ) m0 ^2(Z 0n — i — X n)Pn,j + ~~ Y T ) mn Znn'Pn'j 

n=0 ^ n=l n'=0 



|^/ 3 ) X = 0(4.46) 
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for m > 0. It can be easily found out that the expression 



Zoo 



■ ! 7i (1 



Y 



(m, n > 0, except the m = n = case), 







(4.47) 



satisfies the above equations. It should be noted that in this case, because of CYC = f / 
—Y, it does not contain any unknown constant differently from the 4-string case. 

Owing to the condition ( 4.43 ) we can write the phase factor only in terms of the zero- 
modes. Finally we have 



l^3> 



X 
123 



exp 
exp 



-Po,iPo,j 



\V 3 ) 



x 

123 



. @ , (1) (2) 1 1 ] l •» ! i •» I I J I 

l Y2^(Po,iPo,j +Po,iPo,j +Po,m,j) 



(2)^(3) 



|Vs) 



123- 



(4.48) 



It is not clear whether the solutions we have obtained here are unique or not. However 
we can show that the phase factors are consistent with the relations between the overlaps 
which they should satisfy : 



3(I\V 3 ) 



123 



\V2) 



12; 



1234 



l^3> 



123, 



31< 



^2||^3)l23|^3)456 = |V4) 



1256, 



(4.49) 



by using the momentum conservation on the vertices + ■ ■ •+pl JV ' ) )|V7v)i f ..Ar = 0. Further- 
more we can see that the phase factors successfully reproduce the Moyal product structures 
of the correlators among vertex operators obtained in the perturbative approach to open 
string theory in the constant i?-field background [10 . These facts convince us that the 
solutions obtained here are physically meaningful. 



5 Transformation of String Fields 

In the previous section, we have explicitly constructed the overlap vertices in the operator 
formulation under the constant 5-field background. Then we have obtained the vertices with 
a new noncommutative structure of the Moyal type originating from the constant 5-field, 
in addition to the ordinary product * of string fields. Denoting the product with the new 
structure by *, the action of the string field theory is written as 

Sb = j Qjff>*Q'tl> + -ij>*i/>*i/^ 

= ^(^12(^1^)1^^)2 + ^123(^1^)1^)2^)3), (5.1) 

where the BRST charge Q is constructed from the world sheet action ( |3.1|) . The theory (|5 . If ) 
gives the noncommutative U(l) Yang-Mills theory in the low energy region in the same sense 
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as Witten's open string field theory in the case of the Neumann boundary condition leads 
to the ordinary £/(l) Yang-Mills theory in the low energy limit^. 

In ref. fllQl , Seiberg and Witten argued that open string theory in the constant -B-field 
background leads to either commutative or noncommutative Yang-Mills theories, correspond- 
ing to the different regularization scheme — the Pauli-Villars regularization or the point- 
splitting regularization — in the world sheet formulation. They discussed a map between 
the gauge fields in the commutative and noncommutative Yang-Mills theories. In string field 
theory perspective, there also should be a certain transformation (hopefully simpler than 
the Yang-Mills case) from the string field ip in ( |5.1| ) to a string field in a new string field 
theory which leads to the commutative Yang- Mills theory in the low energy limit. 

Here we obtain the new string field theory by finding a unitary transformation which 
absorbs the noncommutative structure of the Moyal type in the product * into a redefinition 
of the string fields. There are used the two vertices | V2) and | V3) in the action ( p.l[ ). Recall 
that the 2-string vertex is in the same form as in the Neumann case and has no Moyal type 
noncommutative structure. First, we consider the phase factor of the 3-string vertex which 
multiplies in front of | V3) (See eq. ( |4.48| ) .) . Making use of the continuity conditions 

00 00 

Po,i — ~ 2 ^2 YonPn,i, Po,i = ~ 2 E ^OnPn,ij (5-2) 



n=l n=l 



it can be rewritten as 



Qij Qij OO 



0,3; 



24«' n=1 



nil oo 

0,i Po,i < ^Po,i )Pn,j 

+("P$ ~ Pi} + 2pg)pS + (-P$ - P?} + 2pS)pS] 

nij 3 oo 

= "^EE^&S, (5.3) 

OUL r=ln=l 

where we used the property of the matrix Y: Y 0n = -F 0n = f X 0n for n > 1 and the 

momentum conservation on | V3) : p^J + Po'J + p'o} = 0. We manage to represent the phase 
factor of the Moyal type as a form factorized into the product of the unitary operators 

U r = exp I — X OnPo}Pn] 1 • (5.4) 

Note that the unitary operator acts to a single string field. So the Moyal type noncommu- 
tativity can be absorbed by the unitary rotation of the string field 

123(^11^)1^)2^)3 = 123(^1^2^3^)1^)2^)3 

= 123(^11^)1^)2^)3, (5.5) 



3 It can be explicitly seen by repeating a similar calculation as that carried out in ref. [Ell 
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with \ip) r = U r \ip) r . It should be remarked that this manipulation has been suceeded owing to 
the factorized expression of the phase factor, which originates from the continuity conditions 
relating the zero- modes to the nonzero- modes ( |5.2| ). It is a characteristic feature of string 
field theory that can not be found in any local field theories. 

Next let us see the kinetic term. In doing so, it is judicious to write the kinetic term as 
follows: 

12{t> 2 ||^) 1 (Q|^> 2 ) = 123 (t>3||^>l(Qx|/> 2 |^>3 + |^> 2 Q^|/>3), (5-6) 

where Ql is defined by integrating the BRST current ]brst{.^) with respect to o over the 
left half region 

rir/2 

Ql = / da j erst (cr)- (5.7) 
Jo 

Eq. (|5\6| ) is also represented by the product * as 

if) * (QV) = V> * KQlI) *ip + *P* (Ql/)]. (5.8) 

/ stands for the identity element with respect to the ^-product, carrying the ghost number 
— |, which corresponds to \I) in the operator formulation. As is discussed in ref. [19|, in 
order to show the relation (15. 81) we need the formulas 



Q R I = —QlI, 

(<2*V0*£ = -(-i) n ^*(QL£) (5.9) 

for arbitrary string fields if) and £, where Qr is the integrated BRST current over the right 
half region of a. stands for the ghost number of the string field if) minus ~, and takes an 
integer value. The first formula means that the identity element is a physical quantity, also 
the second does the conservation of the BRST charge^. By using these formulas, the first 
term in the bracket in r. h. s. of eq. (|5.8|) becomes 



(Q L I) *iP = -(QrI) *4> = I* {Ql^) = Ql^- 

Also, it turns out that the second term is equal to Qri/j. Combining these, we can see that 
the eq. ( |5.8|) holds. 

Further, we should remark that because the BRST current does not contain the center 
of mass coordinate x\ it commute with the momentum pi. From the continuity condition 
Pi\I) = 0, it can be seen that piQi\I) = 0. Expanding the exponential in the expression of 
the unitary operator ( |5.4j ) and passing the momentum po,« to the right, we obtain 

UQ L \I) = Q L \I). (5.10) 
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For a proof of these formulas, we can use the same argument as in ref. 091 and references therein. 
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Now we can write down the result of the kinetic term. As a result of the same manipulation 
as in eq. fl5.5|) and the use of eq. ( |5.10| ) , we haveQ 

d%\ mi{Q\lPh) = 123(V 8 ||V)l(Qi|i'>2|^)3 + |^>2Qi|/> 3 ) 
= 123(V r 3||^)l(gL|/) 2 |^)3 + \^hQ L \Ih) 

= MtfhiQWh). (5.11) 

Here we have a comment. If we considered the kinetic term itself without using eq. (|5.6|) , 
what would be going on? Let us see this. From the continuity conditions for [ V2) 12 = 1^)^: 

P$+P$ = 0, p£J + (-1)>S = (n = l,2,...), (5.12) 
it could be shown that the 2-string overlap is invariant under the unitary rotation 

U l U 2 \V 2 ) l2 = \V 2 ) 12 . (5.13) 
So we would find the expression for the kinetic term after the rotation 

dv 2 \\ip)iQ\i>h = dv 2 \ i^iWK (5.14) 

where Q is the BRST charge similarity transformed by IA 

Q = UQU ] . (5.15) 

However, after some computations of the r. h. s. of eq. ( |5.15| ), we could see that Q has 
divergent term proportional to 

E 1 

n=l,3,5,- 

and thus it is not well-defined. It seems that this procedure is not correct and needs some 
suitable regularization, which preserves the conformal symmetry^. It is considered that the 

11 Strictly speaking, in general this formula holds in the case that both of the string fields and \ip) 
belong to the Fock space which consists of states excited by finite number of creation operators. This point 
is subtle for giving a proof. However, for the infinitesimal 6 case, by keeping arbitrary finite order terms 
in the expanded form of the exponential of U, we can make the situation of both 1-0) and \ip) being inside 
the Fock space, and thus clearly eq. ( |5.11 ) holds. From this fact, it is plausible to expect that eq. (5.11) is 
correct in the finite 6 case. 

12 That divergence comes from the mid-point sigularity of the string coordinates transformed by U. In 
fact, after some calculations, we have 

fijk njk , _ v 

UX\a)U^ = Xi{a) - V X n0 p n , k - — p k sgn (a - - ) . (5.16) 

4 V2« '„=i,3, 5 ,- 4 V 2/ 

The last term leads to the mid-point sigularity in the energy-momentum tensor and the BRST charge Q. It 
seems that the use of eq. (5.6) corresponds to taking the point split ting regularization with respect to the 
mid-point. Because of the discontinuity of the last term in eq. ( 5.16 ), it is considered that the transformed 
string coordinates have no longer a good picture as a string. It could be understood from the point that the 
transformation hi drives states around a perturbative vacuum to those around highly nonperturbative one 
like coherent states. 
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use of eq. Q5.6Q gives that kind of regularization, which will be justified at the end of the 
next section. 

Therefore the string field theory action ( |5.1| ) with the Moyal type noncommutativity 
added to the ordinary noncommutativity is equivalently rewritten as the one with the ordi- 
nary noncommutativity alone: 

Sb = q- J (2^ *Q# + 

= £T Q M$)iQ$h + i 123(^)1^)2^)3) • (5-17) 



It is noted that the BRST charge Q, which is constructed from the world sheet action (3.1), 



has the same form as the one obtained from the action (|2.5|) with the relation ( [3.71) . So all 
the -B-dependence has been stuffed into the string fields except that existing in the metric 
Gij. Furthermore, recalling that the relation between the metrics and is the same 
form as the T-duality inversion transformation, which was pointed out at the end of section 
3, we can make the metric appear in the overlap vertices, instead of the metric G^. To 
do so, we consider the following transformation for the modes: 

6t n = (E T - 1 ) ik a nik , f = (E T - 1 ) ik p k , Xi = E lk x h . (5.18) 

By this transformation, the commutators become 

Wm&J = ng ij 5 n+m>0 , \P\xj\ = -itfj, (5.19) 

and the bilinear form of the modes 

G ^ Pi(Xm,j 9ijP "in 

G ij p iPj = g lJ p i p i . (5.20) 



Since in viewing the expressions of the overlaps ( |A.6| ) and ( |A.25 ) the metric Gy appears only 
through the bilinear forms (|5.20|) , now the dependence of the background can be com- 
pletely removed from the overlaps | V2) and | V3) in the action (|5.17|) after the transformation 

(EH). 



Remark that we have performed the unitary rotation and the T-duality inversion but 
have not any shift of the string field. In string field theory perspective, the background 
is changed by shifting the string field by a solution of the classical string field equation. 
Because we have done no such a shift, it is possible to consider that the two actions ( |5.1| ) 
and Q5.171 ) describe open strings in the same background. The one ( |5.1|) certainly leads to the 
noncommutative Yang-Mills theory in the low energy limit. Also, it is clear that the other 
( |5.17| ) gives the commutative Yang-Mills theory as the low energy effective theory. Thus 



it is considered that the unitary transformation = U\ip) combined with the T-duality 
inversion ( |5.18| ) corresponds to a microscopic analog of the map between the gauge fields in 



the commutative and noncommutative Yang- Mills theories in ref. [|T0| 
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We end this section by noting a following comment. We have had the string field theories 
which describe the commutaive and noncommutative Yang-Mills theories at the low energy 
region. They have the identical string coupling G s . On the other hand, according to an 
analysis of the Dirac-Born-Infeld (DBI) actions corresponding to the commutative and non- 
commutative Yang-Mills theories in ref . , it turns out that the coupling constants of the 
commutative and noncommutative DBI actions, denoted by g^ 031 ^ and G[ DBI ^ respectively, 
differ by a factor depending on the metrics: 

Gf BI \detG)- 1 ^ = gf^t&etg)- 1 ^. (5.21) 

This relation seems to be nontrivial from our point of view. In the commutative theory we 
have had, since all the S-dependence is contained in infinite number of wave functions in 
the string fields, it seems to need more consideration to derive eq. ( |5.21| ). We will discuss 
this issue elsewhere. 



6 Background Independence 



In this section, we show that both theories in the background described by the world sheet 
action fl3.ip and in the background of the metric gij alone are derived from the single purely 
cubic action 

53= 3(^/^*^ = 3^ ^311^1^)2^)3, (6.1) 



by using the unitary transformation (|5.4|) together with an argument in ref. |T9[ . The result 
gives a new type of the background independence connecting between theories with different 
boundary conditions caused by the background Bij. 

First we note that the cubic action has a universal structure. The Moyal type noncom- 
mutativity is absorbed into the redefinition of the string field = U\ip) as discussed in the 
previous section. Also we can get rid of the dependence of the metric G^. Since G^ can be 
diagonalized by an appropriate orthogonal matrix, we rotate the modes a n ^ Pi and x l by the 
orthogonal matrix and absorb the eigenvalues into suitable rescalings of the modes. So the 
metric appearing in the commutators and in the bilinear forms can be made Minkowskian: 

G ^ OL n ^(X m ^ =r* Tj ^ OLfi^OLfYi j , 

G l3 pia m ,j rfJpiamj, 

G lj PiPj > li'l'.Pj- (6-2) 

As a result, the cubic action ( |6.1|) is to have no specific dependence of the background g^ and 
B^. It shows that the universality of the interaction vertices in string field theory discussed 



in refs. |T7| , |Tq , |19| holds also between the open string field theories with different boundary 
conditions. 
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The classical equation of motion obtained from the action (|6.1|) is 



= 0. (6.3) 



Let us denote the BRST charge derived from the world sheet action ( |3.1|) by Q. We see that 
i> = QlI gives a solution of ( |6.3| ) by using the properties 

{Q,Ql} = (6.4) 

in addition to eqs. (|5.9|) . When showing eq. (|6.4|) by a direct calculation, it is crucial that 
the BRST current Jbrst is a primary field with the conformal weight 1. We decompose the 
string field ip into the solution QlI and the fluctuation around it Then, we can rewrite 
the cubic action into Witten's form ( [5.1|) by using eq. ( ^6|) . 

On the other hand, via the unitary transformation (|5.4j), the cubic action (|6.1|) becomes 



53= 3^i^*^ = 3^ 12 3(^3||^>l|^>2|^>3. (6.5) 

We write as Q° the BRST charge corresponding to the world sheet action in the background 
of the metric gij alone. After considering the transformation (|5.18| ), it is found that ip = Q° L I 



satisfies the equation of motion ip * ip = 0. We expand the string field around this solution 
as ip = Q° L I + and then the string field action in the background of the metric alone is 
obtained: 

S° = — J (-f * (Q ^) + ^ * f * . (6.6) 

By combining these two facts we conclude that the theory in the background and Bij 
Q5.1D is connected to the theory in the background alone (|6.6|). It is the advertised result. 

At the end of this section we give a justification of the regularization used in the previous 
section by showing the equivalence of the actions (5J.) and ( |5 . 17 ) . If we do not consider 



the transformation ( |5.18| ) in the action ( |6.5| ), we naturally find ip = QlI as a solution. In 
fact, because both BRST currents corresponding to Q° and Q are primary fields with the 
conformal weight 1, they are qualified to be a background of string theory. After the same 
procedure as the above, we have the action 

s = cT / G>* * (g ^ } + ( 6 - 7 ) 

which represents the theory in the background g^ and B^. Thus it turns out that the 
actions ( |5.1|) and ( |6.7[ ) describe the theory in the same background, which is nothing but the 
equivalence of eq. ( |5.1|) and eq. (|5.17|) . 

7 Discussions 

We have considered Witten's open string field theory in the presence of a constant back- 
ground of the second-rank antisymmetric tensor field B^. We have extended the operator 
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formulation based on a Fock space representation of string fields and overlap vertices in this 
situation, and have constructed explicitly the overlap vertices. 

As a result, we have found a new kind of noncommutative structure in addition to the 
ordinary noncommutativity which exists irrespective of the 5-field background. It appears 
only in a part of the string field product, which is the part concerning the zero-modes, and 
the form is a product of the Moyal type. It is consistent with the result of the correlation 
functions among vertex operators in the world sheet formulation. The string field theory 
obtained here gives the noncommutative Yang-Mills theory in the low energy limit. 

Furthermore we have found that the Moyal type noncommutativity can be absorbed into 
a redefinition of the string fields by a unitary transformation. After the transformation, the 
string field theory is rewritten into a string field theory with the ordinary noncommutative 
product. Although there still exists the 5-field dependence in the metric appearing in 
the overlaps, we can perform the T-duality inversion transformation so as to completely 
absorb it. This theory describes the commutative Yang-Mills theory in the low energy 
region. The unitary transformation plus the T-duality inversion transformation is considered 
to be a microscopic analog of the map between the gauge fields in the commutative and 



noncommutative Yang-Mills theories discussed in ref. [JIO . 

Also we have considered the background independence in this situation along the same 
line as discussed in ref. |19|| . It has been shown that the theory in the background of the 



5-field as well as the metric is connected to that in the background of the metric alone 
by an appropriate redefinition of the string fields. We have seen that the universality of 
the interaction vertices in string field theory argued before in refs. [ 17 , |T£| , |H| holds also 



between the open string theories with different boundary conditons caused by the B-field 
background. 

Until now, we have not put the Chan-Paton factors to the end points of open strings, 
which corresponds to considering the case of the [/(l)-gauge group in Yang-Mills theory. 



However, as is pointed out in refs. pi ET[ , it is a straghtforward generalization to introduce 



the Chan-Paton factors in Witten's open string field theory: 

S CP = J (^0a * tr(A a A 6 ) +-ip a *ipb*A^(KXbK)j 

= G 12(^1 |VOl«6>2tr(A a A 6 ) + ^ 123(V 3 ||^)l|^)2|^c)3tr(A a A 6 A c )) , (7.1) 

where a, b and c stand for the Chan-Paton factors, and A a is a generator of the gauge group. 
Since the structure of the gauge group and that of the overlaps appear in the factorized form, 
we can consider them independently. Thus we can immediately write down the string field 
theory action with the Chan-Paton factors in the presence of the .B-field background as 

Sb P = Q- j Q^a * £M tr(A a A 6 ) + g V'a * V>& * V'c tr(A a A 6 A c )^ 

= 7T G i2(V2||^a>iQ|^>2tr(A a A fc ) + I 123(^11^)11^)21^)3 tr(A tt A 6 A c )) , (7.2) 



23 



where the product * and the overlap vertices \V%) and | V3) are identical with those constructed 
in the U(l) case. It is clear that, by using the same argument as in the U(l) case, we can 
absorb the Moyal type noncommutativity and obtain the string field theory leading to the 
commutative Yang-Mills theory in the low energy limit. 

At first sight, it seems that in the form of the string field action ( |7.2j ) the noncommuta- 
tivity originating from the 5-field background (the product *) does not have any connection 
with that from the nonabelian gauge group (the Chan-Paton factor). On the other hand, it 
is known that these two noncommutative natures are related to each other in the interesting 
way: "Infinitely many coincident Dp-branes can be described by a single D(p + 2)-brane in 
the background of some constant 5-field." This phenomenon has been discussed in the world 
sheet formulation of open string theory in ref. pi BJ. So in the framework of Witten's open 
string field theory constructed here, it might be interesting to examine how the noncom- 
mutativity from the nonabelian gauge group transmutes into that from the constant -B-field 
background. Because in Matrix theory [^, 24| higher dimensional D-branes are constructed 
from the constituent D-particles by utilizing the above fact0, it might be useful for clarifying 
the connection between Matrix theory and open string field theory, and further it might give 
a hint for considering the covariant and nonperturbative formulation of M-theory. 
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Appendix 



A Explicit Form of Overlap Vertices in the Neumann 
Boundary Condition 

Here we give the explicit form of the overlap vertices |Vjy), which satisfy the continuity 
conditions fl2.11| ) and fl2.12|) , in the case of N = 1, 2, 3, 4. Although it is a slight generalization 



of the result in the background of the flat space-time by Gross and Jevicki |TJ|, |15| , we present 
it in order to make this paper more self-contained. 



A.l |/> EE |Vi> 

The overlap in the N = 1 case behaves as an identity element for the *-product, so we denote 
it by | J). Its explicit form is as follows. 



\I) X = = exp 

\I) 9h ee \V x ) 9h = exp 



1 oo 
/ n=0 



10), 



(A.l) 



£(-l)V^„-2c £(-i)^- 



2A- 



n=2 



k=l 



+(c_ 1 -c 1 )£(-l) fe 6_ 2fc _ 1 

k=l 

Here, the operators a Hti and a} n i are given by 

at n ,i = Vna n ,i, &-n,i = V^ a n ,i ( n > 1), 

Xi = -v / 2o 7 (a ,i - aL), p< = —=(a 0)i + aL), 
; -'2a' 



|n>. 



(A.2) 



(A.3) 



the vacuum |0) is annihilated by all the a n /s (n > 0). Also |0) in the ghost sector is the 
so-called SL(2, R) vacuum satisfying 



b n \n) = o 

Cn\Q) = 

Note that we usually use the vacua |±) satisfying 



(n > -1) 
(n > 2). 



b n \±) = c n \±) = (n>l), 



1+) =Cb|->, 



-> = 6ol+>- 



(A.4) 
(A.5) 



The vacua |+) and |— ) have the ghost number | and — | respectively. Note that the SL(2, R) 
vacuum is related to the |+) vacuum as \Q) = 6_i&o|+), and that it has the ghost number 
— | which is the correct ghost number the identity overlap should have. 



25 



A.2 \V, 



2/12 



We write the 2-string overlap for two strings denoted by 1 and 2. 

|0)l2, 



\V 2 )u = exp 
|V 2 )?2 = exp 



-G^X(-1)X, T < 

n=0 



E(-ir(^+c^) 



(2) ,(!)• 



n=l 



12- 



(A.6) 
(A.7) 



where the superscripts (1) and (2) label the strings, the vacuum in the ghost sector is 
defined by 

|0) 12 = -L(|- +> ll2 -|+,-) ll2 ). (A.8) 

When considering the connection to the string perturbation theory, it is convenient to 
take the momentum representation rather than the oscillator representation with respect 
to the zero-modes. In order to translate into the momentum representation, we need the 
momentum eigenstate constructed from the vacuum of the zero-mode oscillators, which is 
given by 



\P) 



(0) 



(det G) 1 / 



I ■ . r l l 

574 exp G l] --■ 2a'p i p j + \p2a'p i a\ j - ~4,i a cu 



|0> 



(o) 



(A.9) 



where the states of the zero-mode sector were shown by the states with the superscript (0). 
Using eq. ( JA.9 ), we can obtain the overlap in the momentum representation with respect to 
the zero-modes: 



SV'UVlWS = v^n^+^exp 



G 3 ( 1) a n,i a n,j 



x exp 
/ 2 



2a'G^{p [ p -pT'M' -pf) 



n=l 

,(2)^ 



ion 



12 



X 



n ^ (r) io) (o) 



(A.10) 



\r=l 



Here we omitted the irrelevant constant factor multiplying the whole expression. The state 
|0)' 12 represents the vacuum with respect to the nonzero-mode oscillators, and the ground 
state wave function of the zero-mode oscillator in the momentum representation is 



(0) (p|0> 



(0) 



exp 



--.2a'G^ PiPj 



(detG) 1 / 4 
A. 3 |V4)i234 

We obtain the solution of the continuity conditions assuming the following form: 



(A.n; 



v i)i234 = exp 



-i 4 oo 

± Q ij a (r) V rs a (s)t 

~~ r,s=l n,m=0 



|0> 



1234, 



(A.12) 
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where the matrices V rs are determined by the single matrix V as 



V 11 


= V 22 


= V 33 


= V 


yl2 


= V 23 


= V 34 


= V 


yl3 


= V 24 


= V 31 


= V 


ylA 


= V 21 


= V 32 


= V 



11 



41 



\c + \(v-v h 

-\(v+n 

\c-\(v-V), 



(A.13) 



with C nm = (— l) n 5 nm . V satisfies the following equations, which are obtained from the 
continuity conditions, 

(1 - X)E(1 + V) = (1 + X)E(1 + V T ) = 0, 

(1 - X)E-\1 - V T ) = (1 + X)E-\l - V) = 0. (A.14) 

Here the matrices E and X are given by 

1 (n = m = 0) 

(n = m>l) (A.15) 
(otherwises), 



E n 



X., 



nO 



x„ 





_i^((_l)n _ l)(_l)(«-D/2 

nn 
—X 0n 

1 -^{n-m-l)/2(^ _ (_iy^< 



(n > 1), 



(A.16) 



-1 



7T 



1 1 

+ 



~X mn 



n + m n — m 
(n, m > 1, n^m). 



(A.17) 



All the other components of A vanish. A is a hermitian matrix having the properties 



X = X = CXC 



A, 



A 



(A.18) 



We can see from eqs. ( [A.14]) and ( |A.18|) that V is hermitian, V T = V = CVC and V 2 = 1. 
Translating to the momentum representation with respect to the zero-modes, we have 



II r°V r) | |^4)l234 



\r=l 



VdetGn 5 (E^ r, )expG i - 

i r=l 



4 a' 



1 



4 00 



^ E E <PCWS - E E pTK 

r,s=l n,m=l r,s=l m=l 



(r) T/ /rs„(s)t 



E pfV^f _ ) - P f ) + P f ) - P f )) (p f - p f + pf - pf ) 



r,s=l 

x (n ?v r) io>< o)N 

\r=l / 



|0)i 23 4 

(A.19) 
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Here the matrices V' rs are related to the single matrix V by the same way as in (|A.13|) , and 
V is determined by V as follows: 



V' - V 4- ^ n0 ^ 0m 
1 — vnn 



Cm ~~ 1 T/ 
1 — Vr\ 



00 



Ko ~ l - y r 



00 



oo 



00 



1- Vr 



(n,m = 1,2,3, ■ ■ •). 



oo 



(A.20) 



The explicit form of V can be obtained by using the Neumann function method as in 
ref. [T4j. The result is 



(V + V') nm 

(V - v% m 

(V + V') 0m 
(V - V') 0m 

(V + v%o 
(V - V'U 



^Jnm 
n + m 

I o 



(n 7^ m) 
(n — m), 



in 



-2i—=v,, 



m 



2i—=v. 



In 2 - 



2' 



where n and m run over positive integers. u n and v n are given by 



u, 



u n = 0, 



-1/2 
n/2 



= 0, 

-1/2 
(n - l)/2 



(71 = 2,4,6,.-.), 
(n= 1,3,5,-..). 



For the ghost sector, the result is 



1^34 = C^)C!(|)exp£(-l^ 



r,s=l 



V b (r) V 



(r)-rWrs /— is) 



0m 



mc: 



m=l 



oo 1 
n,m=l V n 



1234- 



(A.2i; 



(A.22) 



(A.23) 
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For the Z 4 -Fourier transformations of c^'s: 



C 4 



cl 



1 (ir {1) 
2 [%C± 



J2) 



,(1) 



(2) (3) 



c 



± 



— c± + c± - c± + c± 



.(2) , J3) 



(4h 



(A.24) 



as well as for the same combinations of fe^'s, the vacuum |fi)i234 is given by the tensor 
product of the |— ) vacuum for (B 2 ,C 2 ) and the three |+) vacua for (£> 4 ,C 4 ), (B,C) and 
(B,C). The ghost number of the vacuum is +1. Note that the mid-point ghost insertion 
C^_(^)C 2 (^) is needed in order for the overlap vertex to carry the correct ghost number +3. 



A.4 \V 3 )u3 

We find the solution of the form 



Vs)i23 = ex P 



r\ / * / j n,i ^ nm m,j 



»t 



10) 



123, 



(A.25) 



r,s=l n,m=0 

where the matrices U rs are determined by the single matrix U as 

1 



u 11 


= u 22 


= u 


u 12 


= u 23 


= u 


u 13 


= u 21 


= u 



33 



\{c + u + u), 



31 = \{2C-U-U) + \iyft(U-U), 

D 



32 



l -(2C-U-U)- l -iV?>(U-U). 
o o 



(A.26) 



U satisfies the following equations, which is obtained from the continuity conditions, 

(1 - Y)E(1 + U) = (1- Y T )E(1 + U T ) = 0, 
(1 + Y T )E-\l - U T ) = (1 + Y)E~ 1 (1 -U) = 0, 



(A.27) 



with Y = -\C + being hermitian and satisfying Y 2 = 1. From eqs. ( |A.27|) and the 
propertires of Y, we can see that U is hermitian, U T — U — CUC and U 2 = 1. 
In the momentum representation with respect to the zero-modes, we have 



II ?¥ r) l W 



[23 



\r=l 



^etGll 5 (E^ r) ) ex P Gij 



r=l 



3 co 



- V V a {r)] U' rs a {s)] 



r,s=l n,m=l 
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3 oo 



r,s=l m=l 



r,s=l 



|o>', 



12:! 



X 



n ?w»i o) ■ 



(A.28) 



Vr=l 



The matrices U >rs, s are also written by the single matrix [/'. Their relation is in the same 
form as in ( A.26Q . Also U' is determined by U as 



U nrn U nm 4 



U' 



nm ^nm 



1-t/oo' 



0;« 



^00 



l-^oo 

^00 



^0 



n0 



1-C/oo 

The explicit form of U' is presented as follows: 
For fi^m, f!,m>l, 



1-t/oo 
(n,m = 1,2,3, • • •). 



(A.29) 



(U'-U') nm = 

(U' + U') 0m = 
(U'-U') 0m = 

(u' + u% = I 
(u'-u') n0 = | 

For the diagonal elements 



-1) 



n+l 



B m -\-B n A<m I A. n Bm B n A 

n-\-m n—m 



o 



iJnm 



—A 

Jm r 








n+m n—m 

j (m : even) 

(m : odd), 



(n + m : even) 
(n + m : odd), 
n + m : even) 
n + m : odd), 



2_ /l 






^00 

(U' + U') rm 
(W - U') nn 
Here A n and 5 n are given by 

I ' = 



(m : even) 
(m : odd), 

(n : even) 
(n : odd), 

(n : even) 
(n : odd). 



(-l) n+1 (A n B n + l)-nA r 
(n > 1). 



(A.30) 



(-i) n/ V 

(_l)(n~l)/2 ar 

(-l) n/2 &n 
( _l)(n-D/2 6n 



[n : even) 
(n : odd), 

(n : even) 
(n : odd), 



(A.31) 

(A.32) 
(A.33) 
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(l+x\ 1/3 ~ „ (l+x\ 2 ' 3 ~ „ 



2/3 oo 

E 

n=0 



Also A„'s are 



V3 



(n = 2,4,6,.-0 



^-i)-/ 2 (o:5 n -o^) 

^(_l)(n-D/2 ( ^a Sri _ ^ An) (n = 1, 3 , 5, • • •), 



where 0£, i?®, 0* and can be written in terms of a n 's and 6 n 's as 



ttv/3, 3 3 
In — t, 

4 2 4 ' 



1 v^V 2 6 



W3TA 3 1\ 

n-1 1 

+ E y^-j-an-*-i(az+2 + 



(n = 3,5,7, •••), 



TTV^ 



3 r 

In - + - ) a n - a n+ i 



n-1 



"I) 



o 6 



7T\/3 

nV3 



o 



+ E J—T a n-l-l(ai+2 + ^j) 

ln3, E\ = ^(\J--^ 
1 V 2 12 

^2 111 - - & n - &n+l 

+ E y^y&n-i-i(aj+2 - 2 6 *) 

/ 3 1\ 

(2 In - - - J 6 n - 6 n+ i 



(n = 2,4,6,---), 



(n = 3,5,7, •••), 



n— 1 



"I) 



+ E y^Y fo n-i-i(^+2 - 



(n = 2,4,6,..-). 



Finally we show the result of the ghost 3-string overlap vertex: 



1^3)123 = ex P E 



r,s=l 



E 6S^=^v^ c w + E Cwj 



1 



(5) 



n,m=l 



0m 



m=l 



.(«) 



where the matrices W rs1 s are related to the single matrix W as 



(A.34) 



(A.35) 



I^)i23, (A.36) 



W u = W 



22 



W 



33 



1 



v/3, 



W 12 = W 23 = W 31 = -(-2C -W -W) +i— (W-W), 



6 



6 



31 



w 



13 



w 



21 



w 



:',2 



h-2C-W-W)-i^-(W-W), 
o o 



(A.37) 



which is different from the relation for U ( |A.26| ) by the sign in front of C. The explicit from 
of W is given as follows: 
For n, m > 1 and n ^ m, 



(W + W) nm = | 

(w - W) nm = I 

(W + W) 0m = I 

(w - w) 0m = I 

w n0 = W n0 = 0. 
For the diagonal elements 



\n+l I A n B m +B n A ri 








AjiBjn B n A T[ 



n+m 



An Bm + BnA 

n—m 



A n B m B n A m \ / _|_ m . even \ 
n—m J v ' 

(n + m : odd), 
(n + m : even) 
(n + m : odd), 








(m : even) 
(m : odd), 
(m : even) 
(m : odd), 



(A.38) 



oo 



0. 



(W + W) nn = (-1)™ (1 - a n b n ) + nA„, 
(W - W) nn = (n > 1). 



(A.39) 



The vacuum |f2) 12 3 is the tensor product of the three vacua |+) r (r = 1,2,3), whose ghost 
number is +|. This is the correct ghost number which the three-string overlap vertex should 
have. 
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